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ABSTRACT

For a C* quaternionic vector bundle, the odd-dimensional real Chern classes
vanish, and this allows for a construction of secondary (exotic) characteristic
classes associated with a pair of quaternionic structures of a given complex
vector bundle. This construction is then applied to obtain exotic characteris-
tic classes associated with an automorphism § of the holomorphic tangent
bundle of a Kahler manifold. These results are the complex analoga of those
given for the higher order Maslov classes in [V2].

The present paper is the result of a quest for new applications of the theory
of secondary (exotic) characteristic classes. This led us to notice that our
construction of higher order Maslov classes [V2] has a complex version which
yields exotic characteristic classes associated with a pair of quaternionic
structures of a given C® complex vector bundle, and implicitly, with a pair of
complex symplectic structures defined on a complex vector bundle. After a
description of quaternionic structures on complex vector bundles in Section 1,
we construct the exotic classes mentioned above in Section 2. Finally, in
Section 3, we give an application to the case where the complex vector bundle
is the holomorphic tangent bundle of a manifold V which itself is the
holomorphic cotangent bundle of a Kahler manifold /. This bundle has a
canonical symplectic structure. Then, if M is also endowed with an automor-
phism B of its holomorphic tangent bundle, a second complex symplectic
structure is obtained. This leads to exotic characteristic classes which retract to
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M, and are invariants of (M, 8). Differential forms which represent these
invariants are constructed.

1. Quaternionic structures on complex vector bundies

We shall denote by Q the field of the quaternions, by 1, i, j, k its usual basis
over R, and we shall also look at (1, j) as a basis of Q over C, where C has the
basis (1, i) over R. We send the reader to [D], for instance, for an exposition on
quaternions, and we use here the results exposed in [D].

Particularly, a quaternionic vector space may be defined directly over Q,
and we see it with the right-hand side scalar multiplication, or we may define it
as a complex vector space E of an even dimension 2# over C, which is endowed
with an antilinear mapping J: E = E (i.e., J(VA) = J(V)i, vEE, A €C), such
that J>= — Id. Then J plays the role of right multiplication by j.

It is easy to see that the set 2(E) of all the quaternionic structures of E is
given by

(1.1) 2AFE)=Gl2n, C)/Gl(n, Q).

Another noticeable fact is that E has a class of adapted bases defined by
having the form

(1.2) €L...,8,€8s=Je., ...,e,.,=Je,
where i* =i+ n. These are generated by the bases (e,,...,e,) of (E,J)
over Q.

Furthermore, a quaternionic Hermitian metric of E is an R-bilinear mapping
b: E X E—Q such that

b(xA,y) =Ab(x,y),  b(x,yi)=b(x,y)i,
1.3) _
( b(x, y) = b(y, x), b(x,x)>0 ifx # 0,

where x, yEE, A €Q and the bar means conjugation in Q.
If we put

(1.4) b(y, x) = h(x,y) +jo(x,y),

it follows easily that # is a Hermitian metric on E seen as a complex vector
bundle, and w is a complex bilinear skew symmetric 2-form on E, such that

(1.5) h(Jx, Jy)=h(x,y), o(UxJy)=oKXy),
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(16) a)(x, y)= _h(']xs y)a h(x, Y)"—’CL)(JX, Y)

Moreover, using (1.6) we see that w is nondegenerate, i.e., @ is a symplectic
formon E.

Conversely, if (E, J) is given either a complex Hermitian metric # which
satisfies the first relation (1.5) or a complex symplectic form w which satisfies
the second relation (1.5), then we may use (1.6), (1.4) to define a quaternionic
Hermitian metric on E. In both cases we shall say that J is compatible with h
and w, respectively. In case we start with @, the condition that the correspond-
ing £ be positive definite must be added separately, and then we also say that J
is positive for w. If a J-compatible 4 is given, we shall also call 4 a quaternionic
Hermitian metric on (E, J) in spite of the fact that it is rather b of (1.4) which is
the metric. Then w will be the fundamental symplectic form of h (not to be
confused with a closed differential symplectic form on a manifold).

If (E?", J, h) is a quaternionic Hermitian vector space, the Gramm-Schmidt
procedure yields Q-bases (e;)"., where b has the canonical form

(1.7) b(el', en) = ,i] Ay’

(the Einstein sum convention is always used in this paper, if possible). Such
bases, as well as the corresponding adapted bases (1.2) are called quaternionic
unitary bases and, with respect to such bases, both 4 and w assume a
corresponding canonical form. This justifies the well known relation Sp(n) =
Sp(2n, C) N U(2n), where Sp(2n, C) is the complex symplectic group, U(2n) is
the unitary group and Sp(n) is the quaternionic unitary group (for which many
authors also use the name symplectic group).

It is easy to understand that any complex Hermitian vector space (E*", h)
has compatible quaternionic structures J, and the set of these structures is

(1.8) F(E™, h) = U(2n)/Sp(n).

Similarly, a complex symplectic vector space (E*", w) has positive compatible
quaternionic structures J and their set is

(1.9) F(E™, w)=Sp(2n, C)/Sp(n).

In both cases we obtain such a J by taking a canonical basis (unitary and
symplectic, respectively), and putting it under the form (e;, Je;).
Moreover we have
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ProposITION 1.1. Let (E*, ) be a complex symplectic vector space and y
a Hermitian metric on E. Then, a canonical procedure to associate a positive
compatible quaternionic structure J to 7y exists. Every such structure J on
(E®, w) is associated in this way with certain metrics y, and two structures J,, J,
are connected by a differentiable path J, (0=t = 1) in #(E¥, w).

The proof is like that for real symplectic spaces (e.g., [V2]).
Namely, if y is given, we take the unique antilinear isomorphism a: E —E
defined by

7(ax,y)= —w(x,Y).
a satisfies

2a*x,y) = = 7(ax, ay) = 7(x, @),

hence a? is negative and self-adjoint and — a® has a unique positive square
root p which commutes with a, where p is a linear isomorphism of E.

Then J = ap~' = p~'a is the quaternionic structure requested.

Conversely, every J is obtained by the above procedure at least from the
corresponding # of (1.6). Then, if J, , are associated with y, , we shall associate
Jowith (1 — )y, + t7,. Q.e.d.

Another important fact is

ProprosITION 1.2. Let (E*, w) be a complex symplectic vector space, and
e, ...,e,beamaximal system of independent pairwise w-orthogonal vectors of
E. Then, for any positive w-compatible quaternionic structure J of (E, w) the
vectors (e;, Je;) form an adapted complex basis.

Indeed, under the hypotheses we have rankcw(e, Je) = 2n. Q.e.d.

The structures described above extend straightforwardly to vector bundles,
where J, b, h, w etc. become corresponding vector bundle cross sections.
Notice that a complex vector bundle does not necessarily have a quaternionic
structure J, even if the fibers are even dimensional.

In this paper our framework is the C*-category, hence all our bundles and
cross sections are assumed to be of class C*. Particularly, one might look at the
holomorphic tangent bundles of almost complex manifolds, and then a
quaternionic structure of the bundle is an almost-quaternionic structure of the
manifold. Such structures were studied by various authors, particularly by E.
Bonan [B].

In order to discuss characteristic classes we must look at quaternionic
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connections of a quaternionic vector bundle (E, J) over a manifold M™. (See
[B] for a study of important connections of an almost quaternionic manifold.)
If (e;) is a local field of bases over Q, a quaternionic connection V has local
equations,

(1.10) Ve, = e,0}
where 6! are Q-valued 1-forms, and may be written as
(1.11) 0f =af +ipl,

where af, B! are C-valued 1-forms. It follows that a complex connection on E is
quaternionic iff its equations with respect to adapted bases are of the form

Ve, = afe, + Bi( Je,),

(1.12) B
V(Je;)= — Ble, + al(Je,).

If the bundle also has a quaternionic Hermitian metric b, and if (e;) is a
Q-unitary basis, the connection V preserves this metric iff

(1.13) 6!+ 6, =0
or, equivalently,
(1.14) al +ap =0, Bh—pi=0.

The curvature Z of V has local forms

Al Bt
.19 (% n)

and in the case of a metric connection and Q-unitary bases we also have

(1.16) Al + 4, =0, B!=Bj.

2. Characteristic classes

Let E be a complex vector bundle. Then its basic characteristic classes are
the Chern classes ¢, (E). Here we consider only real cohomology classes and,
therefore, we shall represent c,(E) by the Chern form (e.g., [KN])

(\/ - l)k i O i
2.1 . (Q) =W Of b U A e AQAE,
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where Q is the curvature of a Hermitian connection of E, and .. is the
multiindex Kronecker symbol.

Now if E admits a quaternionic structure, we have the following important
known result (e.g., [KN], [GHV])

PrROPOSITION 2.1. If E has a quaternionic structure J then ¢y, (E)=0
(s=0,1,2,...).

PROOF. Let b be a corresponding quaternionic Hermitian metric with the
Hermitian part 4, and the sympiectic part w as in (1.4), and let (e;, Je;) be a
unitary adapted basis of E. Then two duality relations are defined, by 4 and w
respectively, between E and E* = the dual bundle of E. By A-duality, (e;, Je;)
goes to (&, — &' oJ), where ¢'(e,) = d;, and then by w-duality (¢', —¢&' o J)
goes to (f, = — Je,, f.. = ¢;) (see (1.2) for notation).

Now let V of (1.10), (1.11) be a quaternionic metric connection of E. Then
with respect to (f;, f.) V has the local equations

Vi = alf, + B,

2.2)
Vis = — B, + alfs,

and it follows that the curvature matrix of V with respect to these bases is =,
where = is the curvature matrix (1.15). Remember also that this matrix
satisfies (1.16), which amounts to = = — 'E (t = transposition).

Furthermore, since the forms €, of (2.1) do not depend on the choice of the
local bases, we deduce from the above mentioned facts and from (2.1) that

(2.3) C(E) = C1(Z) = ( — D*C('B) = (— 1)*Cx(Z). Q.ed.

REMARK. From Proposition 1.1 it follows that Proposition 2.1 holds for any
complex symplectic vector bundle (E, w).

Not only the content but the proof of Proposition 2.1 is in fact important
since it gives us a class of connections which are such that G,,,, vanishes for
the curvature of these connections. This allows for the application of the
general theory of secondary characteristic classes in its Chern-Simmons-
Bott-Lehmann variant (e.g., [V2]) (see [KT], pp. 151-152, for the Kamber-
Tondeur approach). Since only a certain sequence of these classes generate all
of them, we shall content ourselves with the description of the classes of this
sequence.

Namely, let n: E — M be a complex vector bundle which is endowed with
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two quaternionic structures J,, J,. Let V!, V2 be quaternionic metric connec-
tions on (E, J,), (E, J,) respectively, and let be

2.4) Vee, =98¢, (a=1,2; i,j=1,...,2n),

the local equations of these connections with respect to arbitrary local complex
bases (c;) of E. Define

Qk(v 19 v2)
(2.5)
(/= D* =1 i i
- T f @A - AT,
where
af =y =,
(2.6)

I, = (1 = DI + 11, + t(1 — t)a! o},

and I1,, I, are the curvature forms of V!, V2, respectively.
Then a classical fundamental formula (e.g. [KN]) tells us that

(2.7) A2V, V?) = G (ITy) — G, (1),

and, therefore, since the V2 are metric connections and in view of the proof of
Proposition 2.1, we get

(2.8) dDy (V,V)=0 (s=0,1,2,...).
Accordingly, we obtain cohomology classes
(2.9) Sl JL T =Dy (V', VIHIEH* (M, R),

and we call them the exotic classes of (J!, J?). The notation is correct since a
usual homotopy argument (e.g., [V2], p. 167) shows that the exotic classes do
not depend on the choice of the connections V!, V2, (The convex combination
of two different choices is quaternionic and metric forevery 0=t =1))

A similar homotopy argument based on the last assertion of Proposition 1.1
(see the proof of Theorem 4.4.25 of [V2]) shows that if the complex vector
bundle E has two complex symplectic structures w, (@ = 1, 2) exotic classes

(210) 62s+l(wls a)l)EH4S+l(M’ R)

may be defined as being the classes (2.9) of quaternionic structures J* which
are positive and compatible with respect to w, (@ = 1, 2). These classes do not
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depend on the choice of the compatible structures J°. In the same way, it is
clear that if w,, w, can be related by a differentiable 1-parameter family w(t) of
complex symplectic structures (0=f=1, w(0)=w,, o(l)=w,) then
&+ 1(wy, @,) = 0. Hence we proved

PROPOSITION 2.2. Any pair (w,, w,) of complex symplectic structures on a
vector bundle E has a sequence of associated exotic characteristic classes (2.10)
which vanish if w, and w, are differentiably homotopically related via complex
symplectic structures @,. ’

Finally, let us mention another interesting property of the exotic classes
(2.9), (2.10), namely

ProprosITION 2.3. If w, (a =1, 2, 3) are three complex symplectic struc-
tures on E then one has

(@) &y 1w, @) = — & 41w, W),

(b) &1 dwr, @) + oot @y 03) + &5 1 1(03, 1) = 0.

The proof is the same as for Proposition 4.4.27 of [V2].

3. Cotangent bundles of Kihler manifolds

The simplest example of a quaternionic bundle is given by the holomorphic
tangent bundle 7;,V (i.e., the bundle of the tangent vectors of the complex type
(1, 0) of V) of a manifold V' = T%,M, where M" is any complex manifold. In
this case, computations analogous to those of Section 4.5 of [V2] can be made.

Namely, V has a well known canonical complex symplectic structure w, =
— dA, where A is the complex Liouville form given by

3.1) ﬂ-c(v) = {(n*v), (ev, VE(TholV)c,

and n: V—M is the natural projection. The integrability of the complex
structure of M ensures that dA is of the complex type (2, 0). Hereafter, and
since we never use in this paper the reai form of the tangent bundle 7TV, we
shall denote T,,V by TV.

Accordingly, we shall have w,-compatible positive quaternionic structures
on TV. If M has Kahler metrics, such structures can be easily obtained as
follows. Let g be a Kihler metric on M, and D be its Levi-Civita connection.
The Kihlerian character of g ensures that D is compatible with the complex
structure of M. Then we may write

(3.2) TV=x#&®v,
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where ¥ is the holomorphic vertical subbundle tangent to the fibers of ¥, and
J is the holomorphic horizontal subbundle defined by the connection D. An
antilinear endomorphism J: TV — TV with J? = — Id is then determined by
asking J/3 to be given by the composition
(3.3) H=H*= AV =Y,
14 (2] cony

where g is lifted in a natural manner to #, and it follows that J is
we-compatible and positive.

All these also follow from the following local computation. If z”
(h=1,...,n)are local complex coordinates on M, and {,, are corresponding
natural covector coordinates, we see that

(34) A= C,,dz", Wy = dzh A dCha
and that the subbundle # is defined by the equations
(3.5) 0, = dy — Tuldz* =0,

where I', are the Christoffel symbols of g.
Hence, # has the local basis

d . 0
(3.6) Z, w + Ty e
as well as the basis
(3'7) Yﬁ == gﬁka,

and the transition functions of these bases by the coordinate change z’* =
z'*(z*) are

a a 5/h
(3.8) 7=z, yi=2 v
aZ/h

Accordingly, (3.3) shows us that J is given by the local equations

3 d
3.9 JYY=——, J —)=Y”,
(3.9 (r") P (69

and it is easy to check the wy-compatibility and positivity of J. The Hermitian
metric

(3.10) h(x,y)=wl(Jx,y) (X, YyETV)
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is determined by 4/ = n*g, where g is seen as a Hermitian metric on 7, M
and by J-compatibility.

Finally, following again the real case [V2], we can write down a quaternionic
metric connection V on (TV,J, h). Namely, we shall ask V to satisfy the
conditions: (i) V-parallelism preserves # and ¥, (i1) V-parallelism preserves
J, (iii) V/# = n~'(D), and we get for V the local equations

- — (o) =
Gl¢"

It is easy to write down other complex symplectic forms on V also, for
instance, the forms w, + 7*F, where F is a form of the complex type (2, 0) on
M . But these latter forms are clearly homotopically deformable to w,, and the
corresponding exotic classes are zero.

In order to get a more interesting situation we shall assume that 7,,M is
endowed with a certain complex linear bundle automorphism 8. Then TV has
also the complex symplectic form

(3.12) w(B) = —d;(B*1),

where A is the Liouville form (3.1), S is interpreted as a mapping 8 : V' — V, and
dydenotes the exterior differential along the leaves of the vertical foliation ¥~
of V, i.e., the projection of d on ¥™* defined by the decomposition TV =
H DY (e.g., see [V1] for a precise definition of dy). Since for # = Id we have
w(B) = w,, the exotic classes of w, and w(#) will distinguish the automor-
phisms § which cannot be homotopically deformed to Id. Moreover, because of
Proposition 2.3, if 8,, 8, yield different exotic classes, they are nonhomotopical
to each other via automorphisms of 7;,M. We proceed now with the compu-
tation of these classes.
It follows from (3.12), (3.1) and (3.5) that we have

(3.11) VY = —(n*al) Y, V —
9,

(3.13) 0(B)=Bldz' n6 =10 A0, (& = Bldz),

which shows that (x/, 6)) is a canonical cobasis of w(f), and

. 3
(3.14) Zi=nZ, — (fpt=2a})
a¢;

is the corresponding dual basis (Z, was defined in (3.6)). Furthermore, if we
define
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(3.15) YF=¢4Z,
it follows that the equations

9
IO

provide us with an w(f#)-compatible positive quaternionic structure Jon TV.

As a matter of fact, J could be defined invariantly just as J has been defined
in (3.3) but using now w(B) instead of w,. A corresponding Hermitian metric /
will be associated with (w(8), J) by (1.6) and a quaternionic metric connection
V with a definition similar to that of V of (3.11) will exist and it will have the
local equations

(3.16) JYK = —

- . ) d
(3.17) VY = — (n*ol)YE, V —=—(1*w}) —.
a¢y Ak
Now we have to compute differential forms as defined in formulas (2.6),

(2.5). First of all, let us express V and V with respect to the same bases, say
(Y*,8/8,) of (3.11). V is given by (3.11). Then (3.7) and (3.15) yield

(3.18) YE=nkY', Yf=pLY",
where
(3.19) B =g Bi'g., Bl =Bi,

and similar formulas are used for #. This is the usual index tensorial technique,
and if we go on with it we get

(3.20) VY: = (nliDBYy — o} YE, V —=—(w}) —,

where we agreed to identify forms on M with their 7* — lift to V.
Now, from (2.5), (2.6), (3.11) and (3.20) it follows that

/ - 1 _
(3.21) Gi(wo, @ (B)) = [n:DE1EH'(V, R)

is the first one of the exotic classes which we wanted to compute.

At this point, let us notice that, since M is a retract of V, the cohomology
classes &, (wg, w(B)) on V retract to cohomology classes &%, (w,, @(B))E
H**Y(M,R), and we shall define the latter as the exofic classes in this case.
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Particularly, &¥(w,, w(B)) is again defined by the differential form in (3.21),
but on M instead of V.

An easy example where {*(w,, w(f)) # 0 is given by M = C\ {0} with the
flat Kahler metric, and by taking the unique component of f equal to zEM.
Then (3.21) gives & = (/ — 1/2n) [dz/z] # 0.

The higher order classes are much harder to express in the general case. Let
us define

I. h.
(3.22) Ke = n:DB'; = g™gyen,t DB,

(which yields a tensor-valued 1-form on Af), such that we may write

(3.23) *(wo, 0(B)) = ——Vzn [x¢ 1.

The curvature forms of the connection V as given by (3.11) are

—Q 0)
3.24 ~ s
620 (0w

and then the curvature of V expressed by (3.20) is
(Dxfg—xf/\d—ﬂ}c 0 )

3.25 -
(3.25) 0 _o

where in (3.24) and (3.25) Q| are the curvature forms of D on M, and ché is the
covariant exterior differential. Hence the forms I, of (2.5), (2.6) reduce to

(3.26) < — Q! + tDK; — tzx,f AK 0 \

0 —Qi/
If these forms are introduced in (2.5), we obtain representative forms of the
exotic classes &%, | (w,, @(B)). )

A nice formula is obtained only if Q=0 and qué =0, namely,
&%, .1 (wy, w(B)) are then represented by the differential forms (see [V2] for
something similar in the real case)

v 1 &x"‘fznx

Qr)¥*i2s+ 1)

EZs+l(ﬂ) =
(3.27)

) Ez 5 c e E).r+l )
'KZIFIAK.IPZA'{:A AKIZJHAKEZ;«H'

It is important to notice that the classes &%, , , (wy, @(B)) are independent of
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the choice of the Kahler metric g on M since any other metric g’ is homotopi-

cally related to g by the convex combination (1 — ¢)g 4+ tg’ (0 = ¢ = 1), and this

yields a homotopy between the corresponding quaternionic structures.
Accordingly, we may summarize the results of this section as

THEOREM 3.1. Let M" be a complex manifold which has Kdhler metrics
and let B be a C*-automorphism of the vector bundle T, M. Then (M, B) has an
associated sequence of exotic characteristic classes &%, ., (B)EH* (M, R)
which do not depend on the choice of the Kdhler metric on M, and vanish if B is
homotopic to the identity via automorphisms of Ty, M. E¥(B) is represented by
(3.21), and if M is Kdhler flat and the associated form Ké is parallel, the classes
&%, . (B) are represented by (3.27).

Finally, let us notice that an endomorphism § as in Theorem 3.1 appears
every time when M has a nondegenerate (1, 1)-form a(a,). Indeed, then we
may define B} = g¥a,;. Hence « has some related exotic classes on M. For
instance, if M has a Kahler metric g with a nondegenerate and nonparallel
Ricci form p, the exotic classes defined above are invariants of g itself, and they
do not change if g is homotopically deformed within the class of Kahler
metrics with a nondegenerate Ricci form, If the Ricci form p is positive
definite, §is homotopic to the identity, and the exotic classes mentioned above
are zero.
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